Denote by ∆ N the N -dimensional simplex. A map f : ∆ N → R d is an almost r-embedding if f σ 1 ∩ . . . ∩ f σ r = ∅ whenever σ 1 , . . . , σ r are pairwise disjoint faces. A counterexample to the topological Tverberg conjecture asserts that if r is not a prime power and d ≥ 2r + 1, then there is an almost r-embedding ∆ (d+1)(r−1) → R d . We improve this by showing that if r is not a prime power and N := (d + 1)r − r d + 2 r + 1 − 2, then there is an almost r-embedding
Denote by ∆ N the N -dimensional simplex. We omit 'continuous' for maps. A map f : K → R d of a union K of closed faces of ∆ N is an almost r-embedding if f σ 1 ∩ . . . ∩ f σ r = ∅ whenever σ 1 , . . . , σ r are pairwise disjoint faces of K. A counterexample to the topological Tverberg conjecture asserts that if r is not a prime power and d ≥ 2r + 1, then there is an almost r-embedding ∆ (d+1)(r−1) → R d . See the surveys [BZ16, Sk16] and the references therein. Theorem 1 provides stronger counterexamples to the topological Tverberg conjecture: for r small enough comparatively to d we have N > (d + 1)(r − 1). Theorem 1 is a step towards [BFZ, Conjecture 5 .5] which implies that for r < d not a prime power there is an almost rembedding ∆ (d+1)r−2 → R d ; for r < d we have N ≤ dr − 2. Lemma 5.2 of [BFZ] provides a simple procedure of constructing higher-dimensional counterexamples from lower-dimensional ones. According to a private communication by F. Earlier results gave almost 6-embeddings ∆ 280 → R 55 and ∆ 275 → R 54 , as well as almost r-
The following corollary gives an almost 6-embedding ∆ 280 → R 54 and almost r-embeddings ∆ (d+1)(r−1) → R d−s for certain r, d, s.
Corollary 2. Assume that r is not a prime power.
(a) For q ≥ r + 2 and d = (r + 1)q − 1 there is an almost r-embedding
Proof. Part (a) follows by Theorem 1 because q ≥ r+2, so ((r+1)q−1)r−rq−2 ≥ (r+1)q(r−1). Part (b) follows by Theorem 1 because d ≥ (s + 2)r 2 ≥ (s + 1)r 2 + r − 1, hence
Theorem 1 is interesting, because its proof requires non-trivial results presented below. First, we state another corollary of those results.
A complex is a collection of closed faces (=simplices) of some simplex. The body (or geometric realization) |K| of a complex K is the union of simplices of K. Thus continuous or piecewise-linear (PL) maps |K| → R d and continuous maps |K| → S m are defined. Below we abbreviate |K| to K; no confusion should arise. 
Theorem 4. If r is not a prime power and X is a complex with a free PL action of Σ r , then there is a Σ r -equivariant map X → R 2×r − δ r .
Theorem 4 is a generalization of theÖzaydin Theorem (see [Oz] and the survey [Sk16, Theorem 3.5]). The proof is analogous to [AK19, Theorem 5.1]: Theorem 4 follows by Lemmas 7 and 8 below. This gives a simple proof of the originalÖzaydin Theorem. Some weaker results are proved with a harder technique in [BG17] .
The group Σ r has a natural action on the set K ×r ∆ , permuting the points in an r-tuple (p 1 , . . . , p r ). This action is evidently free and PL, i.e. compatible with some structure of a complex on K Proof. Since r is not a prime power, the greatest common divisor of the binomial coefficients r k , k = 1, . . . , r − 1 is 1 [Lu78] . Hence −1 is an integer linear combination of the binomial coefficients. Denote by C ⊂ S 2r−3 Σr the set of 2 × r-matrices whose second row is zero, and the entries of the first row involve only two numbers. A special map is a Σ r -equivariant self-map f of S 2r−3 Σr which is a local homeomorphism in some neighborhood of C. The identity map of S 2r−3 Σr is a special map of degree 1. Thus the lemma is implied by the following assertion. for any r, any k = 1, . . . , r − 1 and any special map f there are special maps
Proof of the assertion. Our plan is as follows. Denote by R 2r−2 Σr the subspace of R 2×r of 2 × rmatrices for which the sum in each row zero. We construct an equivariant homotopy
of the composition h 0 of f with the standard inclusion. The homotopy 'pushes' certain point c ∈ C towards the origin in R 2×r so that the origin is a regular value of h. See [AK19, Figures  1 and 2] . The images of h 0 and h 1 miss the origin. Apply the central projection from the origin to define for t = 0, 1 the equivariant map
Then f 0 = f . The difference deg f 1 − deg f 0 equals to the local degree of h at the origin, which is a regular value of h. We shall construct c and h so that this degree is ± r k . One of the signs is easier, and for the other sign we use reflection w.r.t. certain hyperplane. Clearly, it suffices to construct special maps
where deg c f ∈ {+1, −1} is the local degree of f at c.
Let us realize the above plan. The objects we construct depend on r, k but we suppress r, k from their notation. Define the vector
Define the 2 × r-matrix c :
Σr . The orbit Σ r c of c contains
The standard metric on the sphere is Σ r -invariant. Hence there is a small ball U centered at c such that U ∩ σU = ∅ for any σ ∈ Σ r − G and σU = U for any σ ∈ G. Take a smooth function ρ : S 2r−3 Σr → [0, 1] which is zero outside Σ r U , invariant with respect to the Σ r -action, and equal to 1 in a neighborhood of Σ r c.
Construction of
Clearly, h is well-defined and is continuous. If h t (x) = 0, then x ∈ Σ r U . Since f is a local homeomorphism, we have 2tρ(x) = 1 and x = σc for some σ ∈ Σ r . Then t = 1/2. Therefore
Here the second equality holds because ρ = 1 in a neighborhood of c. Since f 0 = f is a local homeomorphism in some neighborhood of C, the map f ′ − := f 1 is such in a neighborhood of C − Σ r c. In a neighborhood of σc the map f 1 is a shift by −2f (σc) composed with the central projection back to the sphere. This is clearly a homeomorphism in a neighborhood of σc. orthogonal to c 1 . Then c ∈ c ⊥ 1 . We may assume that V := U ∩ ρ −1 [1/3, 1] is a ball by assuming that ρ is radially symmetric in U . Let g : V → V be the restriction to V of the reflection w.r.t. the hyperplane c ⊥ 1 . Then g is G-equivariant, deg c g = −1 and g −1 (c) = c.
